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Two-Phase Equilibria of Lipid-Bilayer Vesicles: 
Existence of Symmetry-Breaking Solutions and 

Their Computation

ABSTRACT: 
We study a well-known class of surface models for lipid-bilayer vesicles exhibiting 
phase separation, incorporating a phase field together with membrane fluidity and 
bending elasticity.  We prove the existence of a plethora of equilibria in the large, 
characterized by symmetry type. We overcome several difficulties in carrying this 
out.  Obtaining the correct equilibrium equations is already a surprisingly difficult first 
step via the first variation of the energy.  Even so, due to inherent surface fluidity 
combined with finite curvature elasticity, neither the Eulerian (spatial) nor the 
Lagrangian (material) description of the model lends itself well to analysis.  This is 
resolved via a singularity-free radial-map description, which effectively eliminates 
the grossly underdetermined in-plane deformation.  The resulting governing 
equations comprise a quasi-linear elliptic system with nonlinear constraints.  We 
combine well known group-theoretic ideas for symmetry breaking with global 
bifurcation theory to obtain our existence results.  We also employ a radial-map 
formulation within a non-local finite-element shell model to compute reliable 
solutions exhibiting icosahedral symmetry.  We use numerical continuation to 
explore the behavior of solutions as the naturally occurring parameters in the model 
are varied, e.g., relative bending stiffness, average phase-field value, etc.
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